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Abstract
Tunneling of electrons between two ν = 1/2 quantum Hall parallel planes
is studied. In order to calculate the physical electron Green’s function, the
Chern-Simons gauge field formalism is used, both in a perturbative many-
body calculation and in a semiclassical calculation. In contrast to recent
experiments, no gap in the physical electron density of states is found. A
conjecture is made that either perturbation theory about the mean field Fermi
liquid ground state is inadequate, or that disorder within the interplanar
barrier plays a role.
Typeset using REVTEX
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Experimental measurements of tunnelling between two quantum Hall layers reveal a gap-
like current-voltage characteristic, I = I0 exp(−∆/V ). For odd denominator filling factors,
this behavior is qualitatively, but not quantitatively, explainable in terms of single plane
transport properties. In particular, although the single plane experiments for ν = 1/3 show
a gap only of order 2K [1] [2], the bilayer tunneling measurements show a much larger gap of
order 100K [3]. For even denominator filling factors, there is not even qualitative similarity
between the single layer and the bilayer spectrum. The single layer ν = 1/2 quantum Hall
state possesses a Fermi surface. Nevertheless, tunnelling experiments have shown gap-like
behavior over a broad range of external magnetic fields, corresponding to both odd and even
filling factors [3].
He, Platzmann, and Halperin have calculated the tunnelling rate and have gotten good
agreement with experiment [4]. They calculated the one-electron Green’s function by anal-
ogy to the x-ray edge problem, in which a localized deep hole interacts with some bosonic
excitations. In order to make the analogy, they assume that the electron which tunnels into
the adjacent plane is localized because it sees the strong external magnetic field. On the
other hand all the other electrons have been transformed into Chern Simons fermions which
see no effective magnetic field.
In the present work, we express all electrons, in particular the tunnelling electron, in
terms of Chern-Simons fermions attached to two flux tubes.
Since the same behavior was observed experimentally over a wide range of filling factors,
the explanation must be universal. In other words, some may question the point of a
theory that applies to ν = 1/2 only. Indeed, several authors have explained the result
classically as the problem of overcoming the Coulomb blockade, or as the problem of an
extra electron attempting to merge into a rigid Wigner crystal [5]. However, these classical
explanations leave certain questions unanswered. The Coulomb blockade explanation implies
incompressibility. But, experimentally, the single plane ν = 1/2 state has finite conductivity
and thus is compressible. Likewise, the Wigner crystal is not observed for ν = 1/2. Even if
those contradictions can be resolved, it is still important to check the validity of the Chern-
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Simons formalism of the half-filled Landau level. We will see that perturbative corrections to
the mean field Fermi liquid ground state do not lead to a decaying electron Green’s function
and consequently do not reproduce even qualitatively the experimental results.
I. PHYSICAL ELECTRON GREEN’S FUNCTION
Following [7], [8], a physical electron is transformed into a Chern-Simons fermion as
follows
ψ†e(r) = ψ
†(r) exp[iφ˜
∫
d2r′arg(r − r′)ρ(r′)] (1)
In the present work, it will prove convenient to rewrite the phase in terms of the the contour
integral of the Chern-Simons gauge field,~a.
ψ†e(r) = ψ
†(r) exp[−ig
∫
Cr
d~r′ · ~a(~r′)] (2)
g is inserted for convenience. Since we will soon do perturbation theory in powers of a, g
can be thought of as a small parameter which will later be set equal to one. The contour of
integration,Cr, is determined by the convention that arguments of vectors in the plane be
measured with respect to the x-axis. The contour goes partially around the periphery of the
sample and then goes to the point r along the negative x-axis (Figure 1). Since the physical
problem is rotationally invariant, no physical quantity should depend on the choice of Cr.
It can be shown that a different convention for Cr is equivalent to a gauge transformation
and thus is unmeasurable.
We write the physical electron Green’s function as a functional integral over CS fermions
and CS gauge fields
〈ψe(t)ψ†e(0)〉 =
∫
DψDψ∗DaiDa0e
−S0e−gSintψ(t)ψ†(0)
exp[−i
∫
C0
d ~r′′ · g~a( ~r′′, t)] exp[i
∫
C0
d~r′ · g~a(~r′, 0)]/Z (3)
The interaction between the fermion and the gauge field is
Sint = −ig
∫
dτdr2ψ∗~a · ∇ψ (4)
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II. PERTURBATION THEORY
Notice that ( 2) and ( 4) each contain the small parameter, g. When doing a pertur-
bative calculation, expanding in g, there are terms from the Chern-Simons phase ( 2) and
terms from the interaction ( 4). Some care must be given when applying diagrammatic
perturbation theory; in particular, not all disconnected diagrams cancel.
The disconnected diagrams coming from the Chern-Simons phase alone contribute an
overall multiplicative factor, given by the linked cluster expansion, to the on-site physical
electron Green’s function. First let us inspect the lowest order g2 terms involving the contour
phase only ( 2).
∫
DψDψ∗DaiDa0e
−S0ψ(t)ψ†(0)
[1− ig
∫
C0
dr′iai(~r′, t)− 1
2
g2
∫
C0
dr′i
∫
C0
dr′′jai(~r′, t)aj( ~r′′, t)]
[1 + ig
∫
C0
dr′′jaj( ~r′′, 0)− 1
2
g2
∫
C0
dr′i
∫
C0
dr′′jai(~r′, 0)aj( ~r′′, 0)]/Z
= 〈ψ(t)ψ†(0)〉[−
∫
C0
dr′i
∫
C0
dr′′jDij(r′ − r′′, 0) +
∫
C0
dr′i
∫
C0
dr′′jDij(r′ − r′′, t)]
= G0(t)
∫
C0
dr′i
∫
C0
dr′′j
∫
(dωdk)D(ω, k)eik·(r′−r′′)[e−iωt − 1](δij − kikj
k2
)
≈ G0(t)
∫
(dωdk)D(ω, k)[e−iωt − 1]/k2
∼ G0(t)(1− 1/√ǫF t) (5)
Diagrammatically, the fourth line of the previous expression corresponds to Figure 2. We
can sum up all such disconnected diagrams using the linked cluster expansion
G(t) ∼ G0(t) exp(−1/√ǫF t) (6)
As we are interested in long time behavior, the contribution from the phase due to the space
part of the gauge field will have no effect.
Now let us investigate contributions coming from Sint ( 4) only. The usual rules of
diagrammatic perturbation theory apply and we consider only connected diagrams. The
lowest order self-energy due to the interaction between the fluctuating gauge field and the
fermion (Figure 3) is
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Σ(iω, p) =
∫
(dνdk)D(ν, k)G(ω − ν, p− k)vαvβ(δαβ − kαkβ/k2) (7)
We choose coordinates in k-space ,k‖ and k⊥, which are parallel and perpendicular to the
Fermi vector. We will see shortly that |k‖| ≪ |k⊥| over the relevant ranges of integration,
giving vαvβ(δαβ − kαkβ/k2) = v2(1− k2‖/(k2‖ + k2⊥)) ≈ v2. In the Matsubara formalism,
D−1(ν, k) = kF |ν|/2πq + χ0q2 + v(q)q2/(4π)2
v(q) = 2πe2/ǫq
For the case of Coulomb interactions which we consider here at small wave vectors and in
the clean limit, we have D−1(ν, k) ≈ kF |ν|/2πq + v(q)q2/(4π)2. At the Fermi surface,
Σ(iω, p) =
∫
(dνdk‖dk⊥)(iω − iν + vk‖)−1v2F (kF |ν|/2πq + v(q)q2/(4π)2)−1 (8)
≈ 2ivF ǫ
πe2
ω ln |4ǫω/e2kF | (9)
This self-energy is characteristic of marginal Fermi liquids.
Finally, we investigate perturbative contributions from cross terms between the contour
phase and the interaction. To order g2 we retain
〈ψe(r, τ)ψ†e(0, 0)〉cross =
∫
DψDψ∗Daie
−S0ψ(t)ψ†(0)
[1 + i
∫
C0
d ~r′′ · g~a( ~r′′, 0)][1− i
∫
Cr
d~r′ · g~a(~r′, τ)]
[1− ig
∫
dτ ′d2r′ψ∗(r′τ ′)~a(r′, τ ′) · ∇ψ(r′, τ ′)]/Z
= [−
∫
Cr
dr′′µ
∫
dτ ′d2r′Dµα(r′′ − r′, τ − τ ′)
+
∫
C0
dr′′ν
∫
dτ ′d2r′Dνα(r′′ − r′, 0− τ ′)]
〈ψ(r, τ)ψ†(0, 0)ψ†(r′, τ ′)∇αψ(r′, τ ′)〉 (10)
Fourier transforming
G(ω, k)cross = G
0(ω, k){1 + 2
∫
(dνdq)D(ν, q)G0(ω − ν, k − q)[kx
qx
− k · q
q2
]}+ · · · (11)
Notice that the expression is not rotationally invariant, while the physical system is. This
is due to the convention of measuring angles with respect to the x-axis. The non-invariant
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part will only contribute a phase to the electron Green’s function and this will not affect
any measurable quantity. When we go to the next order in the perturbation due to cross
terms between the Chern-Simons phase and the interaction, we find that the diagrams cross.
However, to logarithmic accuracy, they may be decoupled, meaning that interference can be
neglected. At higher, orders, calculating the isotropic part is messy. Instead, we calculate
the anisotropic part and see that the coefficients look like the Taylor series for an exponential.
We expect the isotropic part to behave the same way. Combining ( 9) and ( 11) we obtain
G(ω, k) = GCS(ω, k) exp[
|ω|
8π2ǫF
ln |ǫF/ω|+ i
π2
ln |kF/ω|] (12)
where
GCS(ω, k) = 1/(Go(ω, k)−1 − Σ(iω)) (13)
The phase of the exponential in ( 12) is not rotationally invariant and was evaluated for
the case when k lies along the x-axis. As was mentioned previously, the phase will not
be detectable in any physically measurable quantity. The real part of the exponent is
rotationally invariant.
However, as ω goes to zero, the real part vanishes. The Chern-Simons phase makes no
contribution. For small ω, we are left with G(ω, k) = GCS(ω, k). The one particle Green’s
function of the Chern-Simons fermion is the same as the one-particle Green’s function of
the physical electron. It is as if the quasiparticle can tunnel coherently. We may obtain the
tunnelling current from the Kubo formula
I(V ) = 2e
∑
k,p
|Tk,p|2
∫ ∞
−∞
dǫ
2π
AR(k, ǫ)AL(p, ǫ+ eV )(nF (ǫ)− nF (ǫ+ eV )) (14)
where AR and AL are the spectral functions for the right and left planes. The tunnelling
matrix element Tk,p is assumed to conserve transverse momentum. From the one particle
Green’s function ( 13), the Kubo formula gives
I(V ) = e|Tk,p|2a2(m/2)
∫ ∞
−∞
dξ
∫ 0
−eV
dω
|ω||ω + eV |
[ω − ξ − a ln |bω|ω]2 + [aπ|ω|/2]2
1
[ω + eV − ξ − a ln |b(ω + eV )|(ω + eV )]2 + [aπ|ω + eV |/2]2
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where a = 2ǫvF/πe
2 and b = πa/ǫF . In the dirty case, ωτ ≪ 1, Σ(ω) ∼ −isgn(ω)τ ln |ǫF/ω|,
a larger contribution than in the clean case. Experimental measurements of the relaxation
time give 1/τ ≃ 0.1meV [6]. To logarithmic accuracy, ( 14) gives
I(V ) ∝


τV/ ln2 |ǫF/V | clean: V ≪ 1/τ
1/ ln2 |ǫF/V | dirty: 1/τ ≪ V ≪ ǫF
(15)
This result is completely different from experiments [3].
III. SEMI-CLASSICAL APPROXIMATION
In this section we will argue that the Chern-Simons phase can be viewed as a current
source in an effective Lagrangian of the gauge fields. This source term will induce a vector
potential, just as in classical electrodynamics. From the induced potential, we can write
down the force that a charged particle would feel as it propagates from the origin at time
zero to the point r0 at time t0. We will see at the classical level that the induced potential
has no effect on the tunnelling rate.
We rewrite ( 3) such that the CS phase is part of the action.
L = 1
2
aΠa−~jCS · ~a , (16)
where ~jCS is determined by
− i
∫
Cr0−C0
d~r′ · ~a(~r′, t0) = i
∫
jCS(~r0, t0; ~r′, t′) · ~a(~r′, t′)dx′dy′dt′ (17)
The current source ~jCS can be written in terms of δ-functions and θ-functions to match
Figure 1. For concreteness, consider the sample to be a square of side length 2l.
~jCS(~r0, t0; ~r′, t′) = −δ(t′ − t0)g{yˆ(δ(x′ − l)[θ(y′)− θ(y′ − l)]
−δ(x′ + l)[θ(y′ − y0)− θ(y′ − l)]) + xˆ(δ(y′ − y0)[θ(x′ + l)− θ(x′ − x0)]
−δ(y′ − l)[θ(x′ + l)− θ(x′ − l)])}+ δ(t′ − 0)g{yˆ(δ(x′ − l)[θ(y′)− θ(y′ − l)]
−δ(x′ + l)[θ(y′)− θ(y′ − l)]) + xˆ(δ(y′)[θ(x′ + l)− θ(x′)]
−δ(y′ − l)[θ(x′ + l)− θ(x′ − l)])}
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The current source jCS makes the electron feel a force, but with negligible effect on the
trajectory. The induced classical vector potential is given by
acli = Dijj
CS
j (18)
This leads to a time-dependent electric field which gives a time-dependent force in Newton’s
equation of motion. Suppose we are interested in the propagator of an electron which starts
at the origin at t = 0 and travels along the x-axis to the point x = xo at t = to. Its classical
equation of motion is
x¨ =
√
tcl{ x
t5/2
+
x− xo
(to − t)5/2 } (19)
where tcl = 3h¯
2(4πǫpF/e
2)3/2/16πmpF . This is a boundary value problem which can be
solved numerically. The trajectory is roughly linear except for the neighborhood of the
initial and final points. In the semiclassical approximation, the propagator is the zero field
propagator times the phase factor of the line integral of the gauge field along the classical
trajectory. However, this phase will not affect the tunnelling rate. Thus, agreeing with our
many-body calculation above, the Chern-Simons phase has no physical effect.
IV. CONCLUSION
We have studied the Green’s function of physical electrons in the half-filled Landau
level. Although these Green’s functions differ from those of the quasiparticles, perturbation
theory about the mean field solution gives only small (logarithmic) corrections to normal
metallic properties. In particular, interactions with the gauge field do not open up a gap.
This theoretical result is at odds with experiments in which tunnelling is exponentially
suppressed at low voltages, implying a pseudo-gap. One possibility is that our theoretical
model contains the correct physics, but perturbative corrections to mean field solution at
ν = 1/2 fail to capture the physical density fluctuations that prevent an electron from
propagating. Another possibility is that we have left some physics out of our model. We
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now speculate on other possible scenarios that might resolve the contradiction between
theory and experiment.
We have assumed that, in the absense of tunnelling, the electrons in one layer are un-
correlated with the electrons in another layer. Bonesteel [9] considered, in addition to the
intralayer Coulomb repulsion, an interlayer Coulomb repulsion, for the case ν = 1/4. He
found that interlayer correlations lead to an attractive pairing interaction between fermions
in different layers. This could lead to a superconducting gap. However, there are two argu-
ments against this mechanism of gap formation. One is that in-plane superconductivity is
not observed. Another is that the layers are too far apart for the existence of an appreciable
inter-planar Coulomb interaction. Because of the in-plane Coulomb interaction, the density
is approximately constant and the net field of the electrons and positive background falls of
exponentially.
Another possibility is that tunnelling is strongly affected by disorder. For instance, we
have not considered the dynamics of the electron as it moves through the barrier. Suppose
that the barrier contains a “trap” in which the electron spends a significant amount of time,
ttrap. In other words, in the single electron picture, the electron tunnels in a two step process:
first it moves out of its layer and into the trap, and then it moves from the trap to the other
layer. In the many body picture, this process will be suppressed in a fashion similar to
the orthogonality catastrophe in the x-ray edge problem. When the electron initially gets
trapped below the surface, the electrons remaining in the layer rearrange themselves in
response to an effective localized charge. The wave function of the rearranged state is nearly
orthogonal to the wave function of the original state. This means that, for ωcttrap ≫ 1, the
matrix element for the electron to move into the trap is small, and tunnelling is suppressed.
We emphasize that, a priori, there is no reason to believe that tunnelling involves mid-barrier
trapping as an intermediate step. It is just another possible avenue to investigate.
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FIGURES
FIG. 1. Path over which to integrate the vector gauge field. The shaded area represents the
physical sample. The thick black line represents the directed path. The path is gauge dependent
and in this case coresponds to the convention that angles are measured with respect to the x-axis.
FIG. 2. Lowest order diagrams coming from the Chern-Simons phase.
FIG. 3. Lowest order self-energy diagram due to the interaction between the fluctuating gauge
field and the fermion.
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